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Abstract

When a policy is evaluated, the rate at which future costs and benefits should be dis-
counted depends upon their maturity and risk profile. When the shocks to the growth
rate of consumption per capita are persistent, it is socially desirable to use a decreasing
term structure of risk-free discount rates, and an increasing term structure of risk premia.
We characterize these term structures when the representative agent has Epstein-Zin-Weil
preferences and when log consumption follows an AR(1) process. We calibrate the model
for 248 countries and economic zones of the World Bank database. We show that the effi-
cient evaluation rules of long investment projects are very heterogeneous across countries.
Using standard estimations of the preference parameters, the country-average 1-year and
20-year risk-free discount rates −1.42% and −3.27%. The 1-year and 20-year aggregate
risk premia are respectively 4.21% and 7.12%. This study stresses both the necessity to
use country-specific discount rates and the importance of estimating the risk profile of
long-dated investment projects.
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1 Introduction

The choice of the discount rate is a key parameter to determine the priority list of investment
projects or to evaluate a public policy for example, in particular when they have long-lasting
benefits and costs. As explained by Baumol (1968), "few topics in our discipline rival the
social rate of discount as a subject exhibiting simultaneously a very considerable degree of
knowledge and a very substantial level of ignorance." Five decades later, and after a passion-
ate academic debate about the public discount rate (Groom and Hepburn (2016)) in relation
to the shaping of climate policies, this topic remains non-consensual, as shown recently by
Drupp et al. (2015). Policy evaluators, financial experts, and large investment institutions
for example are still struggling with the concept and the way to implement efficient valua-
tion procedures. The best illustration of this conflict is provided by the recent U.S. report
(Interagency Working Group on Social Cost of Carbon (2015)), which left open the choice of
the social discount rate, and in which the social cost of carbon has been estimated for three
different discount rates: 2.5%, 3%, and 5%.

Public economists have used the Ramsey rule (Ramsey (1928)) to estimate the efficient
risk-free discount rate. This rule is based on the idea that in a growing economy, investing
for the future increases intertemporal/intergenerational inequalities. The discount rate net
of the rate of pure preference for the present can then be interpreted as the minimum rate
of return of a safe investment that compensate for this undesirable welfare impact of this in-
vestment. Under the Ramsey rule, this "wealth effect" is equal to the product of the aversion
to intertemporal inequality of consumption and the growth rate of consumption. When this
growth rate is uncertain, this rule must be extended to include a precautionary term. Un-
der prudence (Drèze and Modigliani (1972), Kimball (1990)), consumers are willing to save
more when the future becomes more uncertain. At the aggregate level, more precautionary
investments should be implemented by reducing the risk-free discount rate. If social pref-
erences are represented by the Discounted Expected Utility (DEU) with Constant Relative
Risk Aversion (CRRA) and with a geometric Brownian motion to represent the dynamics of
aggregate consumption, the so-called "extended Ramsey rule" reduces the risk-free discount
rate by a precautionary term that is equal to half of the product of the square of the index of
relative risk aversion and the annualized variance of the growth rate. This rule is well-known
in the Consumption-based CAPM (CCAPM) literature. In a frictionless economy, this risk-
free discount rate is the equilibrium interest rate. This rate can be maturity-dependent if the
annualized mean or variance of the growth rate is maturity-dependent. For example, if shocks
to the growth rate of consumption is persistent, then the macroeconomic uncertainty is mag-
nified at long horizons. This makes the term structure of risk-free discount rates decreasing
(Gollier (2008)).

Under risk aversion, it is socially desirable to penalize projects that increase the macroe-
conomic risk. This is usually done by adding a project-specific risk premium to the risk-free
discount rate. In the DEU-CRRA-Brownian framework, this risk premium is proportional
to the CCAPM beta of the project, which is defined as the elasticity of the dividend of the
project to changes in aggregate consumption. As is well-known, the aggregate risk premium,
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i.e., the risk premium associated to an asset with a unit CCAPM beta, is equal to the product
of relative risk aversion by the annualized variance of the growth rate of consumption. In
the Brownian case, the annualized variance has a flat term structure, so the aggregate risk
premium is maturity-independent. But if the shocks to growth are persistent, the annualized
variance and the aggregate risk premium has an increasing term structure.

The previous two paragraphes establish the classical theory of discounting, as summarized
for example by Gollier (2012). In the Brownian case, the calibration of the risk-free discount
rate and of the aggregate risk premium requires two beliefs parameters (expectation and
variance of growth), and two social preferences parameters (rate of preference for the present
and relative risk aversion). This calibration faces a difficult challenge in the form of two
puzzles. These puzzles are partly due to the fact that in the DEU model, the aversion to
intertemporal inequality and risk aversion are identical. Given the large trend of growth in
the U.S. during the last century, the CCAPM predicts an interest rate that is much larger
than the observed 1% real interest rate on markets (risk-free rate puzzle, Weil (1989)). The
theory is compatible with this observation only if one uses an aversion to intertemporal
inequality below 1. But given the low volatility of growth, the CCAPM also predicts an
equity premium that is much smaller than the equity premium of 5 − 6% observed on U.S.
markets during the last century (equity premium puzzle, Mehra and Prescott (1985)).1 The
theory is compatible with the data under the DEU-CRRA-Brownian model only if one uses
an index of risk aversion much larger than unity. The implication of these puzzles for the
cost-benefit analysis of investment projects is that this benchmark model tends to generate
risk-free discount rates that are too large and risk premia which are too small. If one would
apply these recommendations to public investments, the public sector would crowd out the
private sector in the financing of the riskiest projects.

One possible road to solve these puzzles is to disentangle the aversion to intertemporal in-
equality from relative risk aversion, as proposed by Selden (1978)) and Epstein and Zin (1989)
for example. EZW preferences allow for using a small aversion to intertemporal inequality to
explain interest rates, and a large risk aversion to explain the equity premium puzzle. How-
ever, Weil (1989) showed that this so-called Epstein-Zin-Weil (EZW) model cannot solve the
equity premium puzzle, because it requires an unrealistically large degree of risk aversion.2
A more recent literature initiated by Bansal and Yaron (2004) has demonstrated that the
two asset pricing puzzles can be solved by combining EZW preferences, a preference for an
early resolution of uncertainty, and low-frequency fluctuations in consumption growth and
its volatility. In this "long-run risks" literature, the representative agent is averse not only to
the risk on consumption, but also to the risk on wealth. With low-frequency fluctuations, a
lower growth rate next year does reduce consumption next year, but it also affects our beliefs
about future growth. This reduces wealth, which is the market value of the flow of future
consumption. This magnifies the short-term risk and has therefore the power to solve the
two puzzles for the United States.

1The diversified portfolio of U.S. equity has a CCAPM beta around 3 (Bansal and Yaron (2004)).
2The EZW model is also referred to as the recursive utility model. Under these preferences, the aggregate

risk premium continues to be equal to the product of the index of risk aversion by the variance of the growth
rate, in the Brownian case. Because of the low variance of consumption growth observed in the U.S. data, a
relative risk aversion around 40 continues to be necessary to explain the observed equity premium.
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Most of models of asset pricing are calibrated on U.S. data. Capital and risks are not
efficiently allocated in the world, so that the law of one price does not apply. This means
in particular that risk-free discount rates and risk premia should be country-specific. In this
paper, we attempt to adapt the ideas of the long-run risks literature to 248 countries and
economic areas by using a database of the World Bank (WB) on regional GDP/cap over
the period 1961-2015. As in Bansal and Yaron (2004), Bansal et al. (2012), Bansal et al.
(2016), Beeler and Campbell (2012) and many others, we assume that the country-specific
representative agent has EZW preferences. We also assume that the country-specific growth
process is Auto-Regressive of order 1 (AR(1)).3 The persistence coefficient of this AR(1)
process is positive for 85% of the countries and economic zones contained in the WB database.
This persistence implies that future consumption and wealth are positively correlated, as in
the long-run risks literature.

We calibrate this model for each of the 248 economies under scrutiny. For each of them,
we estimate the 3 parameters of the AR(1) process. We calibrate the preference parameters
of the model by using the values that are standardly used in the long-run risks literature, with
a rate of pure preference for the present of 1% per year, a relative aversion to intertemporal
inequality of 2/3 (implying an elasticity of intertemporal substitution of 3/2), and a relative
aversion to risk of 10. We provide an analytical solution to the term structures of interest rates
and risk premia that is used to determine the pricing rules in each country. This yields two
important results. First, the pricing rules that are efficient in the United Stated and for the
members of the European Union are far to be representative of what should be done in most
other countries. Because of either a smaller trend of growth, a larger volatility or a stronger
persistence of shocks, many developing countries should use negative risk-free discount rates.
They should also use much larger risk premia than in the Western world. Second, because
of the persistence of the shocks, the term structures of risk-free discount rates and aggregate
risk premia should be respectively decreasing and increasing. This reinforces the message
that it is particularly crucial to measure the CCAPM beta of long-dated investment projects
in order to determine their social value.

The paper is organized as follows. In Section 2, we solve analytically the asset pricing
model with EZW preferences with an AR(1) growth process. In Section 3, we calibrate this
model and we discuss the main policy recommendations that can be extracted from this
exercise. Some concluding remarks are provided in Section 4.

2 The model

We consider a Lucas’ fruit tree economy in which the consumption of fruits is exogenous.
Consumption takes place in discrete time t = 0, 1, ..., with consumption per capita at date t
being denoted ct. We assume that the representative agent of the economy under scrutiny

3This is a simplification with respect to the the long-run risks literature in which it is the trend of growth
which follows an AR(1), as in Bansal and Yaron (2004). Our specification implies much less long-term
predictability compared to this literature. We do this because the estimation of the Bansal-Yaron model
requires other financial data that are non-existent for many developing countries.
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has recursive preferences. In the Epstein-Zin-Weil model, welfare Vt at date t is obtained by
backward induction:

V 1−ρ
t = (1− β)c1−ρ

t + β
(
EtV

1−γ
t+1

) 1−ρ
1−γ if ρ 6= 1 (1)

log Vt = (1− β) log ct + β log
(
EtV

1−γ
t+1

) 1
1−γ if ρ = 1. (2)

where parameters γ and ρ are the indices of relative aversion to risk and to consumption
fluctuations, respectively. Parameter β = exp(−δ) is the discount factor, and δ is the rate of
pure preference for the present. Et is the expectation operator conditional to all information
available at date t.

The current consumption c0 of the representative agent is normalized to unity. Let
xt,t′ = log(ct′/ct) denote the increase in log consumption between date t and date t′. It
can also be interpreted as the continuously-compounded growth rate of consumption per
capita between these two dates. The time unit is one year. We assume that xt = xt−1,t
follows an autoregressive process of order 1:

xt+1 = µ+ k(xt − µ) + σηt+1, (3)

where µ is the unconditional expectation of the growth rate, σ2 is the conditional variance of
the growth rate, and k ∈ R is the coefficient of persistence of shocks to the growth rate, and
η is standard Normal. Under this specification, log-consumption t periods ahead, defined as

x0,t =
t−1∑
τ=0

xτ = tµ+ (x0 − µ)k1− kt

1− k + σ
t−1∑
τ=0

1− kt−τ

1− k ητ+1, (4)

is normally distributed with annualized mean and variance characterized by the following
equations:

E0[x0,t]
t

= µ+ (x0 − µ)k 1− kt

t(1− k) (5)

V ar0[x0,t]
t

= σ2

(1− k)2

(
1− 2k − k

t+1

t(1− k) + k2 − k2t+2

t(1− k2)

)
. (6)

When the current growth rate x0 is equal to its unconditional mean µ, the expectations about
future growth rate are neutral, in the sense that E0x0,t/t equals µ for all time horizons t. On
the contrary, when the current growth rate x0 is larger (smaller) than µ, expectations are
diminishing (improving) in the sense that the annualized expected growth rate of consumption
per capita is decreasing (increasing) in t.

The term structure of the annualized variance V ar[x0,t]/t characterizes the accumulation
of uncertainty at different maturities. In the benchmark case in which shocks to the growth
rate are purely transitory, i.e., when k equals zero, this term structure is flat at V ar[x0,t]/t =
σ2. Suppose alternatively that there is some persistence to the shock to the growth rate of
consumption, with k ∈ [0, 1[. In that case, it is straightforward to verify that the annualized
variance is increasing in the time horizon t. The positive serial correlation in annual growth
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rates magnifies the long-run uncertainty. Technically, V ar[x0,t]/t goes from σ2 to σ2/(1−k)2

for maturities go from one year to infinity.

We are interested in valuing at date 0 an asset or a policy that generates a single payoff
cφt at date t, for some φ ∈ R. Three specific risk profiles φ should be considered. Case
φ = 0 corresponds to a risk-free asset. Case φ = 1 corresponds to a claim on aggregate
consumption. Finally, Bansal and Yaron (2004) considered the case φ = 3 as representative
of a portfolio of diversified equity in the United States. As noticed by Campbell (1986), Abel
(1999) and Martin (2013) for example, it is possible to interpret values φ > 1 as a tractable
way of modeling levered claims. If P0(φ, t) denotes the equilibrium price of this asset at date
0, its annualized expected rate of return equals

R0,t(φ) = t−1 log
(

E0c
φ
t

P0(φ, t)

)
. (7)

The risk-free interest rate associated to maturity t is rf0,t = R0,t(0). The risk premium
associated to risk profile φ and maturity t is defined as follows:

π0,t(φ) = R0,t(φ)− rf0,t. (8)

It implies that the equilibrium price at date 0 of an asset delivering cφt in t years is equal
to its expected payoff E0c

φ
t discounted at its risk-adjusted discount rate rf0,t + π0,t(φ). In

this frictionless economy, the competitive equilibrium asset prices decentralizes an efficient
allocation of capital. For example, the equilibrium interest rates provide the right signal
to allocate risk-free capital. In other words, the equilibrium interest rates are the efficient
discount rates to value risk-free investment projects and policies. A similar argument can be
made for risk premia. This means that the term structures of interest rates and risk premia
provides a full characterization of the way all investments projects, assets and public policies
should be evaluated.

Except in the special cases of Discounted Expected Utility (ρ = γ, DEU) and of no-
predictability (k = 0), determining the term structures of equilibrium interest rates and risk
premia remains a complex matter. The derivation of the efficient discount rates is relegated
to Appendix A, in which the following proposition is demonstrated.

Proposition 1. Consider an economy in which the representative agent has recursive pref-
erences (1)-(2) and in which log consumption follows the autoregressive process (3). In this
economy, the equilibrium interest rates and risk premia can be approximated as follows:

rf0,t = δ+ρE0[x0,t]
t
−ρ

2

2
V ar0[x0,t]

t
−(1− ρ)(γ − ρ)(1 + b)2

2 σ2−ρ(γ − ρ)(1 + b)
1− k

(
1− k − kt+1

t(1− k)

)
σ2,

(9)
and π0,t(φ) = φπ0,t(1) with

π0,t(1) = ρ
V ar0[x0,t]

t
+ (γ − ρ)(1 + b)

1− k

(
1− k − kt+1

t(1− k)

)
σ2, (10)
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where b is the solution of the following equation:

b = (1 + b)βk exp
(

(1− ρ)
(
µ+ 1

2(1− γ)(1 + b)σ2
))

. (11)

These approximations are exact when ρ equals 1 or γ.

We show in the appendix that when ρ equals 1, log(Vt/ct) is linear in the state variable
xt, and b = kβ/(1 − kβ) is the multiplicative coefficient of this linear relationship. When
ρ is not equal to 1, this linearity disappears, but the solution presented in Proposition 1 is
based on the linear approximation of this relationship. Thus, coefficient b can be interpreted
as the quasi elasticity of the intertemporal welfare per unit of current consumption (Vt/ct)
to a change in the current growth rate xt. Notice that when k ∈]− 1, 1[, b has the same sign
as k.

Before discussing Proposition 1, we hereafter discuss two special cases: the DEU model
(ρ = γ), and the model without predictability (k = 0).

2.1 Discounted Expected Utility

When the representative agent is an expected-utility maximizer with a CRRA utility function
v(c) = c1−γ/(1− γ), the term structures of risk-free discount rates and risk premia are given
by equations (9) and (10) with ρ = γ:

rf0,t = δ + γ
E0[x0,t]

t
− γ2

2
V ar0[x0,t]

t
(12)

π0,t(φ) = φγ
V ar0[x0,t]

t
. (13)

Interest rates have three terms in the right-hand side of equation (12): the rate of pure pref-
erence for the present, the wealth effect and the precautionary effect. In a growing economy,
investing for the future has the undesirable effect to increase intertemporal inequalities. In
a risk-free economy, the discount rate (net of δ) can be interpreted as the minimum internal
rate of return of an investment project that compensates for this adverse effect. This wealth
effect is proportional to the degree of aversion to intertemporal inequality ρ = γ and to the
degree of intertemporal inequality measured by E0[x0,t]/t. Limited to the two first terms
in the right-hand side, equation (12) is called the "Ramsey rule" (Ramsey (1928)). Under
uncertainty, the representative agent is willing to accumulate some precautionary savings. At
equilibrium, this reduces interest rates, thereby inducing more "precautionary investments".
The precautionary term is proportional to the annualized variance of log consumption. The
purists would rather rewrite equation (12) as follows:

rf0,t = δ + γ
log (E0ct)

t
− γ

2 (1 + γ)V ar0[x0,t]
t

. (14)
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The "pure" wealth term is the product of relative risk aversion and the growth rate of expected
consumption. This leaves the "pure" precautionary term to be proportional to the product
of relative risk aversion γ by the relative prudence 1 + γ.4

Risk premia are proportional to the risk profile φ of the investment. In fact, equation (13)
corresponds to the classical Consumption-based CAPM risk premia where φ is the CCAPM
beta of the project, and π0,t(1) are the systematic risk premia. They are proportional to risk
aversion, and to the annualized variance of log consumption.

The term structures of interest rates and risk premia are easy to understand from this
analysis. Suppose that the current growth rate x0 equals its unconditional expectation µ,
which implies that the expected annualized growth rate is µ for all maturities. Then, the
term structures are univocally determined by the term structure of the annualized variance
V ar0[x0,t]/t. When shocks to growth exhibit some persistence ρ ∈]0, 1[, the annualized vari-
ance is increasing in t: Persistence magnifies the long-run risk of the economy. This implies a
decreasing term structure of the risk-free discount rates. That tends to bias risk-free invest-
ments towards those which generate more distant benefits. On the other side, persistence also
makes the term structure of systematic risk premia increasing. This is because investment
projects whose risk profile duplicates the macroeconomic risk (φ = 1) are made riskier by the
persistence of macro shocks. Notice that the risk-adjusted discount rates are as follows:

rf0,t + π0,t(φ) = δ + γ
E0[x0,t]

t
+ γ

2 (2φ− γ) V ar0[x0,t]
t

. (15)

The macroeconomic uncertainty reduces interest rates and it raises risk premia. The net
effect on the risk-adjusted discount rate is positive if and only if the risk profile φ of the
investment project is larger than half the degree of risk aversion γ. Under this condition, the
term structure of risk-adjusted discount rates is increasing. When the current growth rate
x0 is larger than its historical mean µ, the term structure of interest rates is also affected by
the diminishing expectations that the representative agent must have in this context, making
longer interest rates smaller.

2.2 Geometric Brownian motion

The other limit case is when shocks to growth are purely transitory, so that k equals zero.
This is a case in which future growth is unpredictable, and consumption per capita follows
a geometric Brownian motion. In the absence of predictability, the intertemporal welfare
Vt/ct per unit of consumption must be independent of xt. This implies that the linearization
constant b must be equal to zero, as can be seen in equation (11). Moreover, E0[x0,t]/t and
V ar0[x0,t]/t simplify respectively to µ and σ2 in that case. All in all, equations (9) and (10)

4Following Kimball (1990), relative prudence is defined as −cv′′′(c)/v′′(c). Under CRRA, relative prudence
is equal to relative risk aversion plus one. In the CRRA-Normal case examined here, the effect of risk on the
interest rate is equivalent to a sure reduction of the growth rate of consumption by the relative precautionary
premium, which is equal to the annualized variance multiplied by relative prudence. This explains equation
(14).
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can be rewritten in that case as follows:

rf0,t = δ + ρ

(
µ+ σ2

2

)
− γ(1 + ρ)σ

2

2 (16)

π0,t(φ) = φγσ2. (17)

In equation (16), the wealth effect is now proportional to ρ, which is the index of aversion
to intertemporal inequality in the Epstein-Zin-Weil model. The precautionary term is propor-
tional to the product of the index of risk aversion γ and the index of relative prudence 1 + ρ,
in line with results obtained in a two-period model by Kimball and Weil (2009). Equation
(17) is the classical CCAPM formula for risk premia. This means that this specification of the
model cannot explain the equity premium puzzle. But by selecting a small ρ independently
of risk aversion γ, this model can potentially solve the risk-free rate puzzle. Because there is
no persistence, the term structures of interest rates and risk premia are flat.

2.3 Impact of persistence with recursive preferences

We first examine the impact of the persistence of shocks to growth on short-dated assets and
investment projects. From equation (9), it is easy to verify that, conditional to x0, the 1-year
maturity interest rate in the general model equals

rf0,1 = δ + ρ

(
µ+ k(x0 − µ) + σ2

2

)
− γ(1 + ρ)σ

2

2 − (γ − ρ)b(2 + (1− ρ)b)σ
2

2 . (18)

In expectation, x0 equals µ, so that replacing x0 by µ in the above equation generates the
mean short-term interest rate in the economy. It is useful to compare this equation to equation
(16), which prevails when k = 0. The existence of persistence to shocks on growth does not
affect the risk on log consumption x0,1. However, because it affects the intertemporal welfare
V1 at date 1, it affects the pricing at date 0 of 1-year maturity assets in the recursive utility
model. Its impact is measured by the last term in equation (18). The following proposition
characterizes the impact of the persistence of shocks on the short interest rate. It is a direct
consequence of the property that b is positive when the persistence coefficient k belongs to
]0, 1[.

Proposition 2. Suppose that the persistence coefficient k is between 0 and 1, that ρ is smaller
than 1, and that γ is larger than ρ. Then, the persistence of shocks to growth reduces the
short interest rate rf0,1.

Both assumptions ρ < 1 and γ > ρ are classical in the long-run risks literature. In
particular, condition γ > ρ means that the representative agent has a Preference for an
Early Resolution of Uncertainty (PERU). Under PERU and ρ < 1, the persistence of shocks
reduces the short interest rate and can therefore help solving the risk-free rate puzzle. The
uncertainty affecting the intertemporal welfare at date 1 plays the role of an additional source
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of risk which raises the willingness to accumulate precautionary saving at date 0, thereby
reducing the equilibrium interest rate.

Turning to the short risk premium, equation (10) applied for t = 1 implies that

π0,1(1) = γσ2 + (γ − ρ)bσ2. (19)

The first term in the right-hand side of this equality is the classical CCAPM systematic risk
premium when shocks are purely transitory. This proves the following proposition.

Proposition 3. Suppose that the persistence coefficient k is between 0 and 1, and that γ
is larger than ρ. Then, the persistence of shocks to growth raises the short systematic risk
premium π0,1(1).

Although the persistence of shocks to growth does not affect the risk surrounding con-
sumption at date 1, it affects the way one should penalize risky asset maturing at date 1.
Under PERU, the persistence raises the systematic risk premium. This is because any asset
that yields a payoff at date 1 that is positively correlated with the first period growth rate
is also positively correlated to the first period intertemporal welfare, thereby increasing the
global risk of the asset.

Remember that in the DEU framework examining in Section 2.1, the term structures
of interest rate and risk premia re respectively decreasing and increasing. This is because
the persistence of shocks magnifies long-run uncertainties. With recursive preferences, the
timing of the resolution of the uncertainty may potentially modify this outcome. The term
structures of Erf0,t and π0,t(1) characterized by equations (9) and (10) are determined by the
two functions V ar0[x0,t]/t and 1− (k − kt+1)/(t(1− k)). When k is between 0 and 1, these
two functions are increasing in t. This proves the following proposition.

Proposition 4. Suppose that the persistence coefficient k is between 0 and 1, and that γ is
larger than ρ. Then, the term structures of the mean interest rates Erf0,t and of the aggregate
risk premia π0,t(1) are respectively decreasing and increasing.

In other words, disentangling the aversions to risk and to intertemporal inequality cannot
reverse the intuitive shapes of the term structures that prevail in the DEU framework. These
theoretical predictions of this model are contradicted by asset prices observed on financial
markets. In particular, a diversified portfolio of equities has a risk profile around φ = 3
in developed countries, but recent findings document the fact that equity premia have a
decreasing term structure (Binsbergen et al. (2012), Binsbergen and Koijen (2016), Belo
et al. (2015), and Marfè (2016)).5 A possible explanation is convincingly proposed by Marfè

5These findings are for maturities up to 10 years. For longer maturities, Giglio et al. (2015) and Giglio
et al. (2016) provide evidence for real estate assets (leasehold contracts) with maturities measured in decades
and centuries. Beeler and Campbell (2012) show evidence of mean-reversion rather than persistence in U.S.
consumption growth in the period since 1930. Mean-reversion makes the aggregate risk in the longer run
relatively smaller and can thus explain why interest rates and risk premia are respectively increasing and
decreasing in maturity.
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(2016). He argues that this comes from the fact that firms provide short-term insurance to
their employees against the transitory fluctuations of their labor productivity, in line with
the theory of implicit labor contract. This implies that the leverage of equity is larger in the
short run than in the long run. The risk profile φ of equity has a decreasing term structure,
thereby explaining the decreasing term structure of equity premia.

3 Calibration

We hereafter calibrate this model for 248 countries and economic zones identified in the World
Bank national accounts data. We use the annual percentage growth rate of GDP per capita
based on constant local currency. Aggregates are based on constant 2010 U.S. dollars. For
each country or zone, we estimate the parameters (µ, σ, k) of the stochastic process (3). Most
country data cover the period 1961-2015.

The preference parameters are based on the existing consensus of the long-run risks lit-
erature. The rate of pure preference for the present is assumed to be δ = 1%.6 This means
that one util delivered in 100 years is worth approximately one-third of a util today. We
also assume that the relative risk aversion of the representative agent is 10. This means that
the representative agent is willing to exchange an 50-50 chance of consuming forever 0.5 or
forever 1.5 for a sure daily consumption of at least 0.54. In Table 1, we report the certainty
equivalent consumption for other degrees of risk aversion. Although γ = 10 is compatible
with observed asset prices as shown by Bansal and Yaron (2004), most economists consider
that this degree of risk aversion remains unrealistically high.

Finally, we assume a relative aversion to intertemporal inequality of ρ = 2/3, which
corresponds to an elasticity of intertemporal substitution of 1.5. This means that the rep-
resentative agent is indifferent between consuming 0.5 in odd days and 1.5 in even days, or
consuming 0.91 every day. In fact, Table 1 can alternatively interpreted as providing the
constant consumption plan that is equivalent to the above-mentioned unequal consumption
plan as a function of the degree of aversion to intertemporal inequality. Early studies by Hall
(1985) and Hansen and Singleton (1983) suggested a value of ρ between 0 and 2, but this re-
mains controversial. For example, in the debate among public and environmental economists
that emerged after the publication of the Stern Review (Stern (2007)), all contributors to the
debate used a degree of intertemporal inequality aversion between 1 and 4 to calibrate the
Ramsey rule (see Gollier (2012)). However, the choice of a ρ smaller than unity is critically
important in the long-run risks literature, in particular to generate a positive relationship
between wealth and expected growth. Beeler and Campbell (2012) explains that the real
interest rate is very volatile relative to predictable variation in consumption growth, thereby
suggesting a ρ in the Ramsey rule that should be well above unity. Assuming a small ρ and
a large γ implies a preference for an early resolution of uncertainty. Epstein et al. (2014)
claim that the typical choice of the pair (γ, ρ) in the long-run risks literature implies an

6Bansal and Yaron (2004) assumed δ = 2.4%, whereas Bansal et al. (2016) assumed δ = 1.3%. Over the last
century, many prominent economists have criticized the use of a positive rate of impatience when performing
intergenerational welfare analyses. For a short discussion on this point, see for example Gollier (2012).
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risk certainty
aversion equivalent

0.5 0.93
0.67 0.91
1 0.87
2 0.75
10 0.54
40 0.51

Table 1: Certainty equivalent consumption of a 50-50 chance of consuming either 0.5 forever,
or 1.5 forever, as a function of relative risk aversion.

unrealistically large willingness to pay for an early resolution of uncertainty. In spite of all
these critiques, the choice of γ = 10 and ρ = 2/3 remains a consensual calibration of the
preferences with respect of risk and time. In this paper, we stick to this calibration.

In Appendix B, we provide the estimated value of parameters (µ, σ, k) for the 248 countries
and economic zones contained in the data set of the World Bank. We also give information
about the term structures of interest rates and risk premia for each of these economies.
In Table 2, we selected a subset of these economies to illustrate some of the outcomes of
this international analysis. In Appendix C, we draw the term structures of interest rates
Erf0,t and π0,t(1) for these 10 countries and economic zones. As a benchmark, let us first
examine the case of the United States. The unconditional mean growth of GDP/cap has been
µ = 2.08% between 1961 and 2015, whereas the conditional volatility has been σ = 1.89%.
The persistence coefficient k = 0.31 is the smallest of this sample of 8 economies. Because of
the low persistence of the shocks to growth, the term structure of interest rates are mostly
flat, starting from Erf0,1 = 1.94% for a one-year maturity, to rf0,∞ = 1.79%. The 20-year
interest rate is Erf0,20 = 1.80%. The term structure of aggregate risk premia is steeper, with
π0,1(1) = 0.51% and π0,∞(1) = 0.74%. Suppose alternatively that one ignores the persistence
of the shocks, so that k = 0 is assumed. Under this restriction of the model, one would
estimate µ∗ = 2.06% and σ∗ = 2.02%. The term structures would be flat in that case,
with an equilibrium risk-free rate rf∗ = 2.03% and an equilibrium aggregate risk premium
π∗(1) = 0.41%. This is compatible with Propositions 2 and 3 which state that the persistence
of shocks reduces the short interest rate and raises the short aggregate risk premium.7

Compared to the United States, France has a similar pair (µ, σ), but a much larger
persistence coefficient k = 0.57. This generates steeper term structures, with a long interest
rate going down to 1.43%, and a long aggregate risk premium going up to 1.20%. If we

7These propositions isolate the effect of k > 0, leaving σ unchanged. In this paragraph, we change k to zero,
but σ is re-estimated under this restriction. This difference in the comparative static analysis is illustrated by
China, for which the estimation of the volatility of growth is much larger when restricting the model to k = 0:
σ∗ = 6.85% > 4.37% = σ. This increased uncertainty makes the short interest rate rf∗ = 1.66% smaller than
rf0,1 = 3.27%, and the aggregate risk premium π∗(1) = 4.70% larger than π0,1(1) = 2.99% for this country.
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Country µ σ k rf0,1 rf0,20 π0,1 π0,20 rf∗ π∗

China 7.48 4.37 0.37 3.27 2.17 2.99 4.74 1.66 4.70
European Union 2.25 1.54 0.48 2.08 1.83 0.44 0.83 2.26 0.33
France 2.11 1.55 0.57 1.85 1.43 0.53 1.20 2.12 0.37
Latin America & Caribbean 1.73 2.10 0.40 1.49 1.20 0.72 1.19 1.73 0.54
Middle East & North Africa 1.76 3.20 0.46 0.43 -0.54 1.83 3.37 1.07 1.43
Nicaragua 0.47 5.49 0.36 -2.76 -4.32 4.53 7.00 -1.59 3.54
Sub-Saharan Africa 0.86 2.42 0.49 0.52 -0.11 1.09 2.08 0.89 0.79
United States 2.08 1.89 0.31 1.94 1.80 0.51 0.73 2.03 0.41
World 1.85 1.35 0.37 1.98 1.88 0.28 0.45 2.07 0.22
Zimbabwe 0.02 6.08 0.40 -4.40 -6.82 5.91 9.75 -2.69 4.49

Table 2: Summary statistics and term structures for a subset of 10 countries and economic
zones. Parameters µ, σ and k are respectively the unconditional mean, the conditional
volatility and the persistence coefficient of the annual growth rate of GDP/cap over the
period 1961-2015. Variables (rf0,1, r

f
0,20, π0,1, π0,20) are the unconditional interest rate and

risk premia associated to asset φ = 1 for maturities t = 1 and t = 20. Finally, rf∗ and π∗
are respectively the interest rate and the risk premium for an asset φ = 1 when the growth
process is assumed to be i.i.d. (k = 0), and (µ, σ) are estimated accordingly. We assume that
γ = 10, ρ = 2/3 and δ = 1%. All rates are in percent.

assume a risk profile of equity equaling φ = 3 as in Bansal and Yaron (2004), this generates a
long equity premium of 3.6%, in line with observed equity premia. China has a much larger
unconditional mean growth rate (µ = 7.48%) and a much larger volatility (µ = 4.37%).
The wealth effect dominates the precautionary effect, so that interest rates are larger at
all maturities. The larger volatility unambiguously increases risk premia. At the opposite
of the spectrum, the low historical trend of growth and large volatility in the Middle East
and in Africa suggest using much lower interest rates, in particular for long maturities for
which negative real risk-free discount rates should be recommended. On the contrary, as for
China, large risk premia are socially desirable in these regions because of the intensity and
persistence of the shocks to growth. Another extreme example is Zimbabwe, which had an
almost non-existent growth over the last 5 decades (µ = 0.02%), and which at the same time
faced high volatility (σ = 6.08%) and relatively high persistence (k = 0.4). This yields very
negative risk-free discount rates at all maturities (rf0,1 = −4.40% and rf0,∞ = −7.03%) and
large aggregate risk premia (π0,1 = 5.91% and π0,∞ = 10.07%). It is vital for this country to
invest in safe projects.

Notice that one should be cautious in using these price signals for economic zone that
are not well integrated. The model is based on the assumption of a representative agent in
each economy under scrutiny. In an economy with sizeable wealth inequalities, heterogenous
preferences and idiosyncratic risks, such a representative agent exists only if credit and risk-
sharing markets are complete and frictionless. This assumption is questionable even for an
economically integrated country such as the United States. This assumption is certainly not
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variable mean stdev 5% 50% 95%
x0 1.30 3.55 -3.93 1.67 5.78
µ 2.20 1.75 -0.31 2.07 5.40
σ 4.31 3.47 1.54 3.47 8.83
k 0.30 0.27 -0.22 0.33 0.69
rf0,1 -1.42 8.72 -8.26 0.71 2.81
rf0,20 -3.27 13.70 -16.30 0.14 2.62
π0,1 4.21 10.10 0.43 1.79 11.80
π0,20 7.12 17.50 0.57 2.56 22.90

Table 3: Summary statistics for the 248 countries and economic zones of the World Bank
database. All rates are in percent.

relevant for the European Union, as illustrated by the Greek crisis and the quasi-absence of
European risk-sharing schemes. The problem is worse when contemplating other economic
zones identified by the World Bank, such as Sub-Saharan Africa. Take the extreme example
of "the World" which exhibits a very low volatility of growth (σ = 1.35%), illustrating the
fact that a large fraction of shocks to national economies are idiosyncratic and internationally
diversifiable. This exercise shows that if these risks would be washed away through interna-
tional risk-sharing, then investment projects should be evaluated with very low aggregate risk
premia (π0,1(1) = 0.28%). But in reality, credit and risk-sharing markets are inefficient at
the level of the world, and discount rates should be differentiated across countries to reflect
differences in the prospects of growth and in macroeconomic uncertainties. The absence of
the diversification of idiosyncratic country-specific risks implies a zero-mean background risk,
which has the same impact as an increase in risk aversion (Gollier and Pratt (1996)).

In Table 3, we exhibit some summary statistics for the 248 economies of the database.
As a complement, we draw in Figure 11 of Appendix C the histograms for the same macro-
financial variables. The mean persistence is k = 0.3, with a 90% confidence interval of
[−0.22, 0.69]. In fact, 85.4% of the countries and regions of the WB data base have a positive
persistence coefficient. Short and long interest rates have a negatively skewed distribution.
Although the median interest rates for 1-year and 20-year maturities are positive, their means
are negative. In particular, the average short interest rate is −1.42%, and 5% of the countries
of the database of a short interest rate below −8.26%. Term-specific aggregate risk premia
are positively skewed, with realistic median values, but very large mean values. For example,
the average 20-year aggregate risk premium equals 7.12%, and 5% of the countries contained
in the WB database have a 20-year aggregate risk premium larger than 22.90%. In short,
the "average country" of the world looks more like Nicaragua than like the United States in
terms of efficient evaluation rules.
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4 Concluding remarks

If a safe investment project is financed by diverting safe productive capital from other sectors
of the economy, its implementation is socially desirable only if its internal rate of return is
larger than the cost of safe capital in that economy. Because the interest rate measures this
cost of capital, this is equivalent to requiring a positive value of future social net benefits
discounted at the interest rate. Given the very low interest rates currently prevailing on
financial markets, this simple arbitrage argument justifies using a very low discount rate, at
least for maturities for which an interest rate can be observed on a liquid market. But in the
Stern-Nordhaus controversy about the social cost of carbon, most experts used the Ramsey
rule to estimate the social discount rate. The Ramsey rule identifies the social discount
factor as the marginal rate of substitution between current and future consumption, using
discounted expected utility as a representation of social preferences. To calibrate the Ramsey
equation, Stern (2007) assumed an elasticity of marginal utility equaling 1 and an expected
growth rate of consumption of 1.3%, yielding a social discount rate around 1.3%. This is not
far from the market interest rates observed these days, and from the 2% median long-term (>
100 years) social discount rate recently recommended by 262 experts surveyed by Drupp et al.
(2015). But Nordhaus (2008) and many others criticized this position because it imposes too
much burden on current generations, in particular if this discount rate would be used for
all projects. OMB (2003) and Nordhaus (2007) for example typically recommend a much
larger discount rate, between 3% and 7%. This recommendation is based on the implicit
assumption that investment projects have on average a CCAPM beta similar to a portfolio of
diversified equity, so that the equity premium should be added to the risk-free discount rate to
measure a risk-adjusted social discount rate. Over the last century, the equity premium has
been between 2% and 6% in the Western world. But under expected utility, the relatively
low volatility of growth in developed countries during that period implies a much smaller
predicted equity premium, not larger 0.2% when using an elasticity of marginal utility of 1.
This illustrates the equity premium puzzle.

This short description of the state of the art in discounting theory suggests that experts
have a wide margin of interpretation about how to discount future costs and benefits when
performing investment and public policy evaluations. This is a source of inefficiency. The
absence of a settlement on this matter is partly due to the large discrepancy in the estimations
of the elasticity of marginal utility depending upon its two different incarnations in the
discounted expected utility model: The aversion to risk and the aversion to intertemporal
inequality, the first being much larger than the second. Following recent developments in asset
pricing theory, we disentangled these two preference parameters by using the Epstein-Zin-Weil
recursive utility model to represent social preferences, and we took account of the persistence
of shocks to growth to represent collective beliefs. We have shown that for majority of
countries, these extensions of the classical welfare analysis tend to reduce the risk-free discount
rate. The median risk-free discount rate is equal to 0.71% and 0.14%, for a maturity of
respectively 1 year and 20 years. At the same time, it generates risk premia that are in line
with observed asset prices. Indeed, the median aggregate risk premium is equal to 1.79% and
2.56%, for a maturity of respectively 1 year and 20 years.
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Can we use this model to make recommendations about intergenerational discount rates,
i.e., rates to be used when costs and benefits accrue to different generations? Following
Harsanyi (1953), under the veil of ignorance, risk and time are perceived to be two equivalent
concepts by the assembly of future generations. And under the independence axiom, their
social welfare function should satisfy the additivity with respect to both risk and time. This
justifies equalizing risk aversion and intertemporal inequality aversion in intergenerational
redistribution contexts. We leave the problem of reconciling the intragenerational EZW
preferences with intergenerational DEU preferences for future research.
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Appendix A: Proof of Proposition 1

Let us define Zτ = Vτ/cτ as the future expected utility per unit of current consumption.
This variable plays a crucial role for the determination of the term structures. It is therefore
important to characterize its main properties. Seen from date 0, Zτ is uncertain for all τ ≤ 1.
Because current growth rate xτ can predict future growth, Zτ is a function of xτ . When
ρ = 1, it happens that zτ = log(Zτ ) is linear in this predictive variable. To see this, suppose
that there exists a pair (a, b) ∈ R2 so that zτ equals a+ bxτ for all τ , and let us verify that
this guess solution solves backward-looking equation (2). We can rewrite this equation as
follows:

logZτ = β log
(
Eτ

(
Zτ+1

cτ+1
cτ

)1−γ
) 1

1−γ

. (20)

Let us define operator χ in such a way that, for any random variable x,

χτ (x) = log (Eτ exp (x)) . (21)

Then, we can rewrite equation (20) as

zτ = β

1− γχτ ((1− γ)(zτ+1 + xτ+1)) . (22)

Using the AR(1) equation (3) and the linearity assumption for zτ+1, this is equivalent to

a+ bxτ = β

1− γχτ ((1− γ)(a+ (1 + b)(µ+ k(xτ − µ) + σητ+1))) . (23)

Because χτ (q + x) = q + χτ (x) for all q ∈ R, and because χτ (qητ+1) = 0.5q2, this dynamic
equation has a solution with

b = kβ

1− kβ (24)

and
a = (1 + b)β

1− β

(
(1− k)µ+ 1

2(1− γ)(1 + b)σ2
)
. (25)

When ρ is not equal to 1, there is no analytical solution for the relationship between zτ
and the state variable xτ . However, as is standard in the literature on long-run risks, we will
approximate this functional relationship by its linear approximation, using the linearization
coefficient

b = d log(Zτ )
dxτ

∣∣∣∣
xτ=µ

. (26)

Using equation (1), it can be shown that this is equivalent to condition (11). Notice that b
is positive when k is in [0, 1[, which implies that the intertemporal welfare Zτ is increasing
in the current growth rate of consumption, as is intuitive when shocks are persistent.

Consider a marginal investment that costs p at date τ and that generates a payoff D at
date τ + 1. A simple marginalist argument implies that such an investment has no effect on
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intertemporal welfare Vτ at date τ if and only if

p = Eτ

[
D
Sτ+1
Sτ

]
. (27)

where the one-period-ahead stochastic discount factor Sτ+1/Sτ equals

Sτ+1
Sτ

= β

(
cτ+1
cτ

)−γ
Zρ−γτ+1

(
Eτ

(
cτ+1
cτ

Zτ+1

)1−γ
) γ−ρ

1−γ

. (28)

Let us also define the log SDF st = logSt. This allows us to rewrite the pricing equations
(28) as follows:

sτ+1 − sτ = −δ − γxτ+1 + (ρ− γ)zτ+1 + γ − ρ
1− γ χτ ((1− γ)(xτ+1 + zτ+1)) . (29)

Using the linearization of zτ , equation (29) can be rewritten as

sτ+1− sτ = −δ− ρ (µ+ k(xτ − µ)) + 1
2(γ− ρ)(1− γ)(1 + b)2σ2 + (ρb− γ(1 + b))σητ+1. (30)

This implies that

st − s0 = −δt− ρx0,t + 1
2(1− γ)(γ − ρ)(1 + b)2σ2t+ (ρ− γ)(1 + b)σ

t−1∑
τ=0

ητ+1. (31)

Because preferences are recursive, one can use backward induction to determine equilib-
rium asset prices. Using backward induction, equation (27) implies that the price at date 0
of an asset that delivers a single payoff D = cφt at date t must be equal to

P0(φ, t) = E0

[
cφt
St
S0

]
. (32)

Let us define the annualized log return as r0,t = t−1 log(cφt /P0(φ, t). The above pricing
equation is then equivalent to:

χ0(Q) = 0, (33)

with
Q = tr0,t + st − s0. (34)

By definition of r0,t, we have that

tr0,t = tE0r0,t + φ(x0,t − E0x0,t) = tE0r0,t + φσ
t−1∑
τ=0

1− kt−τ

1− k ητ+1. (35)

This implies that

Q = tE0r0,t−δt−ρE0x0,t+
1
2(1−γ)(γ−ρ)(1+b)2σ2t+σ

t−1∑
τ=0

(
(φ− ρ)1− kt−τ

1− k (ρ− γ)(1 + b)
)
ητ+1.

(36)
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Because Q is Normal, the pricing equation (34) can be rewritten as follows:

E0[Q] + 1
2V ar0[Q] = 0, (37)

with
E0[Q] = tE0r0,t − δt− ρE0x0,t + 1

2(1− γ)(γ − ρ)(1 + b)2σ2t, (38)

and

V ar0[Q] = σ2
t−1∑
τ=0

(
(φ− ρ)1− kt−τ

1− k (ρ− γ)(1 + b)
)2

. (39)

These three equations imply that

tE0r0,t = δt+ρE0x0,t−
σ2

2 (1−γ)(γ−ρ)(1+b)2t− σ
2

2

t−1∑
τ=0

(
(φ− ρ)1− kt−τ

1− k (ρ− γ)(1 + b)
)2

.

(40)
Observe now that tr0,t = log(cφt )− log(P0(φ, t)) is log-normally distributed, so that

tE0r0,t = logE0[cφt ]− 1
2φ

2V ar0[x0,t]− log(P0(φ, t)) = tR0,t(φ)− 1
2φ

2V ar0[x0,t]. (41)

This allows us to rewrite equation (40) as follows:

tR0,t(φ) = δt + ρE0x0,t −
σ2

2 (1− γ)(γ − ρ)(1 + b)2t+ 1
2φ

2V ar0[x0,t]

− σ2

2

t−1∑
τ=0

(
(φ− ρ)1− kt−τ

1− k (ρ− γ)(1 + b)
)2

. (42)

This is equivalent to

R0,t(φ) = δ + ρ
E0[x0,t]

t
−
(
ρ2

2 − φρ
)
V ar0[x0,t]

t

− (1− ρ)(γ − ρ)(1 + b)2σ
2

2 −
(ρ− φ)(γ − ρ)(1 + b)

1− k

(
1− k 1− kt

t(1− k)

)
σ2. (43)

Replacing φ by zero in the above equation yields the term structure of interest rates (9). Simi-
larly, the term structure of risk premia π0,t(φ) is obtained by subtracting R0,t(0) from R0,t(φ).
Using equation (43), we easily obtain that π0,t(φ) = φπ0,t(1) where π0,t(1) is characterized
by equation (10). �
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Appendix B: Detailed results for the 248 countries/regions

Summary statistics and term structures for the 248 countries and economic zones of the
World Bank data base covering the period from 1961 to 2015. This table first documents
the period used to estimate parameters µ, σ and k, which are respectively the unconditional
mean, the conditional volatility and the persistence coefficient of the annual growth rate
of GDP/cap. Variables (rf0,1, r

f
0,20, π0,1, π0,20) are the unconditional interest rate and risk

premia associated to asset φ = 1 for maturities t = 1 and t = 20. We also estimated the
short interest rate rf0,1 conditional to the last available observation x0 of the growth rate of
GDP/cap. Finally, rf∗ and π∗ are respectively the interest rate and the risk premium for an
asset φ = 1 when the growth process is assumed to be i.i.d. (k = 0), and (µ, σ) are estimated
accordingly. We assume that γ = 10, ρ = 2/3 and δ = 1%. All rates are in percent.
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Appendix C: Term structures for a subset of 10 countries and economic zones

For the following 10 figures, the plain curves correspond to the term structures of either
interest rates (left) or aggregate risk premia (right) using the model described in Section 2.
The dotted curves corresponds to the equilibrium interest rates and aggregate risk premia
when assuming that shocks are temporary (k = 1) and parameters (µ, σ) are estimated
accordingly. We assume that γ = 10, ρ = 2/3 and δ = 1%.

Figure 1: China

Figure 2: European Union
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Figure 3: France

Figure 4: Latin America and Caribbean

Figure 5: Middle East and North Africa
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Figure 6: Nicaragua

Figure 7: Sub-Saharan Africa

Figure 8: United States
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Figure 9: World

Figure 10: Zimbabwe
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Figure 11: Histograms for (x0, µ, σ, k, r
f
0,1, r

f
0,20, π0,1, π0,20) for the 248 countries and economic

zones of the World Bank data base.
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